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of 21 K -50 K was achieved for the pressure vessel using only a single temperature sensor (Cernox CX-1050-CU-HT-1.4L, SN X119000) and a multimeter (Keithley 2002) [8] 1 , and was later improved to 19 K over the whole working range by improving the thermal response characteristics of the system [9] 2 . Pressure relative stability of several parts in 10 7 was achieved for the range 30 kPa -90 kPa using a gas compensation servo-loop at room temperature by maintaining the piston position at a constant height [10] . Microwave resonance frequency relative stability of several parts in 10 11 has been achieved for the quasi-spherical copper resonator under vacuum [7] . Once all the three systems were combined (see Fig. 1a ), a rhodium-iron resistance thermometer (RIRT) was used to measure the temperature of the resonator, because RIRTs are the practical thermometers on which realizations of the ITS-90 are most accurately maintained, disseminated and compared [11] . This sensor, (Tinsley, SN 226242), was calibrated by the National Physical Laboratory (NPL) (UK), and is denoted by NPL1. Its resistance is measured using an automatic AC resistance bridge (ASL F900). The stability and accuracy of NPL1 are about 10 times better than those of the Cernox sensor at temperatures from 5 K to 26 K, even the later has a relatively high sensitivity 3 . However, it was difficult to maintain the resonator temperature, measured by NPL1, at the required level by controlling a Cernox sensor. The main reason may be that the resistance of the Cernox sensor was measured by Keithley 2002 multimeter with DC circuits, which leads a slow drift of the measured temperatures. To improve matters, we controlled the resonator temperature instead with a second NPL-calibrated RIRT (Tinsley, SN 226245, denoted NPL2), with a similar temperature coefficient of NPL1 as shown in Fig. 2a (reason see the conclusion of Table 1 below), and a manual AC resistance bridge (ASL F18) set to the desired resistance ratio. The out-of-balance signal is amplified and fed back to the heater to bring the temperature of NPL2 close to the set point [11] . In the manual mode of the F18 bridge, the amplified voltage signal of NPL2 rather than the resistance (temperature) is available and can be used as a feedback for the PID control. In turn, another sensor (NPL1 in the present work) is needed to indicate the temperature stability of the resonator. Fig. 1b plots the simplified schematic diagram of the PID control for the pressure vessel in the present work.
According to the handbooks of both bridges [12, 13] , the typical resolution T (in K) of the temperature sensor should be (see Supplementary Section 1):
where Rs and R1 are values of the standard resistor and its potential lead resistance, while Rt and R2 are values of the thermometer resistance and its potential lead resistance. In the present work, two 10 Ω standard resistors (Tinsley 5685A, SN1631808, and SN1580409) were used for F18 and F900 bridges respectively. The variables τ (in seconds), I (in milliamps) and T (in K -1 ) denote respectively the integration time of a single measurement, the excitation current of the AC resistance bridge and the temperature coefficient of the thermometer. The resolution limit is limited by the resistance-temperature characteristics (R-T relationship) of the sensor, the voltage noise of the bridges, etc. To realize high-resolution measurements (i.e., with a small value of T), low-noise instruments, high temperature coefficient (absolute value, |T|) sensors, and low-resistance leads should be used. Once the sensors were installed into the system, the resolution limit mainly depends on the voltage noise of the bridges, which is limited by the fundamental Johnson Noise limit of the bridges. The temperature resolution T is the smallest change that the temperature sensor can detect in the quantity being measured. In practice, with PID control, the smallest stability of the measured temperature (i.e., the temperature stability limit T,L), defined by the standard deviation of the measured temperature corresponding to an integration time of τ, amounts to half the resolution of 
where T of the two temperature sensors is given by Eq. (1) in the present work. Fig. 2a shows the temperature stability limit T,L for the two RIRTs for I = 1 mA excitation current and  = 33.6 s. It is apparent that the values of T,L for NPL2 are similar to but slightly lower than those for NPL1 over the whole range from 4.2 K to 26 K.
To achieve a stable temperature environment at temperatures from 5 K to 26 K for further microwave and pressure measurements in the resonator, a multi-layer radiation shield was added, and a thermal-resistance method and a gas-type heat switch were used. The multi-layer radiation shield and thermal-resistance method were used to reduce the thermal noise from surroundings as shown in our previous work [8] . In our system, the heat switch has two working modes, heat switch on mode, with working gas ( 4 He in the present work) filling the heat switch cavity, and heat switch off mode, without 4 He in the cavity. Heat switch off mode can reduce the thermal noise from the 2 nd cold head of the GM pulse tube cryocooler (Sumitomo SHI-RP-082B2). However, the heat transfer between the resonator and the 2 nd flange is weak, thus the pressure vessel temperature can not be cooled down to our minimum objective temperature 5 K (only up to ~ 14.3 K [8] ). So the heat switch on mode was used all the time in the present work, with which the resonator temperature can be easily cooled down to ~ 4.3 K [9], although it is less good for the temperature control. Moreover, to reduce the perturbation from surroundings still further, a laboratory was constructed with temperature fluctuations less than ± 0.1 K, and an oil bath (Aikom Instruments MR 5100-L) with temperature stability better than 1 mK was used for the standard resistances to provide more stable measurements. Finally, active PID control was implemented on the pressure vessel based on the schematic diagram of Fig. 1b: 1 ) set the desired ratio for the controlled thermometer NPL2 with F18 bridge; 2) read the voltage of F18 and get the voltage difference △V; 3) heat the pressure vessel to balance the F18 bridge; 3) adjust the PID parameters until the resonator temperature NPL1 is stable, measured by F900 bridge in real-time.
The temperature of NPL1 over a two-hour period was measured at temperatures from 5 K to 26 K and pressures of helium-4 gas in the resonator up to 120 kPa. The excitation currents of the two RIRTs are the same, 1.0 mA. The measurements were firstly implemented from high temperatures to low temperatures under vacuum, then repeated under pressures. The experimental temperature stability results and the predicted temperature stability limit of NPL1 with an integration time of 33.6 s by Eq. (2) are compared in Fig. 2b , where the standard uncertainties of the predicted T, L, u(T, L) in K, were estimated using the above equations based on error propagation formula. The uncertainty component from the calibrated uncertainty is too small (less than 1 nK), thus the effect can be neglected compared with the stability of K level. The main uncertainty component for the calculated stability limit is from the lead resistance of the sensors, which means low-resistance lead should be used. We can see that most of the resonator temperature stabilities lie within its limit calculated from Eq. (2), while some points lie outside the calculated stability limits with deviations up to several u(T, L) (out of ± 3u 4 ), especially for higher temperatures. Since the system may not be stable enough under vacuum when the set temperature changed to a new high temperature, it is a little hard to be controlled. As for measurements under pressure, the system is cool enough, thus it is easy to be controlled even at high temperatures. However, there are still some big deviations due to non-optimal PID parameters, which can be improved with care. Besides, all the measurements in the present work were carried out with heat switch on mode, in which the temperature is relatively hard to be controlled compared with heat switch off mode over the whole working range. Also, the resolution of RIRTs at high temperatures are lower than at low temperatures, which is not as good for temperature control. Based on the above analyzation, new measurements under vacuum and 60 kPa have been carried out again and plotted in Fig. 2b with a hollow symbol. These temperature stabilities have been improved by a factor of 2 ~ 3 compared with the previous measured ones, and almost all points are within the calculated stability limits. In the future, we can use heat switch off mode for high temperatures and heat switch on mode for low temperatures, which could make the control more robust. In a further test, a long-term stability measurement of the resonator temperature for 180 h (7.5 days) was carried out under vacuum at 5 K and 24.5 K with  = 33.6 s. The measured temperature stabilities of NPL1 are 2.2 K and 7.4 K for 5 K and 24.5 K respectively (Fig. 2c) . To improve the temperature stability further, one could use a low-noise instrument or high temperature coefficient sensor, or improve the temperature sensor resolution by increasing the integration time or the excitation current, as implied in Eq. (1) (but since the self-heating of the controlled RIRT will increase, to keep the same temperature, the resistance set point should also be increased). Fig. 2d shows a plot of the generalized variance [14] for resonator temperature as a function of integration time for the measurements at 5 K and 24.5 K. Linear fit in logarithmic form was implemented for 5 K and 24.5 K using data with τ < 210 5 s and 110 4 s, respectively. We can see that NPL1 temperature stability for 5 K is three times better than that for 24.5 K over the whole integration time range, mainly because the relatively higher temperature coefficient at 5 K improves the temperature control stability, as shown in Eqs. (1) and (2) . What is more, resonator temperature stabilities of 0.66 K and 0.10 K were achieved for 24.5 K and 5 K respectively for an integration time of τ = 1.410 5 s = 1.6 days. This temperature stability lies close to the manufacturer's specified limit for the F900 AC resistance bridge.
To further check the stability limit, high-resolution temperature sensors were simulated by using high excitation currents on the two AC bridges. The results are summarized in Table 1 and plotted in Figs. 2e and 2f. Fig. 2e shows the temperature stability response of the sensor NPL1, measured with excitation current Im = 1.0 mA, for different excitation currents Ic of the control thermometer NPL2. When Ic was increased from 0.5 mA to √2 mA, the temperature resolution of NPL2 was improved, which in turn improved the measured temperature stability of NPL1 from 10.1 K to 6.8 K, a value within the limit of NPL1 (6.9±0.7) K. However, from Table 1 we can see that the 6.8 K stability lies outside the limit of NPL2 (4.7±0.4) K with deviation more than 5u. It means that the temperature resolution of NPL1 for Im =1.0 mA is not enough to reach the limit of NPL2
for Ic =√2 mA if the temperature can be controlled to the limit of NPL2. Fig. 2f shows the temperature stability response of the sensor NPL1 for excitation currents Im = 1.0 mA and Im = √2 mA, while NPL2 was controlled with excitation current Ic = 1.0 mA. When Im was increased from 1.0 mA to √2 mA, the measured temperature stability of NPL1 increases from 7.0 K to 7.8 K, mainly because of its increasing self-heating. The stability 7.8 K lies within the limit of NPL2 (6.6±0.6) K with deviation about 2u, while it lies outside the limit of NPL1 (4.9± 0.5) K with deviation more than 5u. It means the stability is also up to the limit of NPL2. The above results further verify that most of the temperature stabilities in Fig. 2b are up to the limit that the two RIRT sensors and the bridges can control and measure. Besides, it also implied that the controlled and measured sensors should have a matched resolution (similar temperature coefficient) to well reflect the temperature stability. In conclusion, methods to estimate and realize the temperature control stability limit in SPRIGT were presented in this work. The resonator temperature stability limit at the micro-kelvin level has been predicted and achieved at temperatures from 5 K to 26 K. The resonator temperature stability can be maintained to better than 8 K with an integration time of 33.6 s over 180 h, even longer if need be. The experiment results show that the stability is up to the limit that the two RIRT sensors and the bridges can control and measure. In the future, it may be further improved by using low-noise instruments, high temperature coefficient sensors and low-resistance leads. The present work can be used not only in the implementation of high-accuracy SPRIGT, but also in other lowtemperature primary thermometry (RIGT, AGT, DCGT, etc.). Besides, it has the potential to estimate the performances of different sensors and instruments. In the future, the present work should provide a solid foundation for international data comparison of thermodynamic temperature at low temperatures, and will promote realizations of the new kelvin and the spread of high-accuracy, lowtemperature metrology. 
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Prediction and Realization of a Temperature Control Limit at Low Temperatures in SPRIGT
Thermometer resolution
According to the operator's handbooks of F900 [1] and F18 [2] , we can know that:
1) The typical voltage resolution of the two bridge is 0.3nV√Hz at 1 ohm matching impedance (page 34 of F18 handbook and page 38 of F900 handbook). i.e. the voltage resolution per unit resistance v (in nV/) is:
where variable τ (in seconds) denotes the integration time of a single measurement. The voltage noise is limited by the fundamental Johnson Noise limit of the bridge.
2) The bridge output impedance Ro (in ) can be calculated by (page 18 of F18 handbook and page 23 of F900 handbook):
where Rs and R1 are values of the standard resistor and its potential lead resistance, while Rt and R2
are values of the thermometer resistance and its potential lead resistance with a unit in ohm; n is the transformer ratio at balance for the bridges with n=Rt/Rs. Note: When measuring low resistances especially for cryogenic applications, the lead resistances are significant and cannot be neglected in the calculation of bridge impedance. , (μK)
where T (in K -1 ) denotes the temperature coefficient of a resistance thermometer. From the above Eq. (S6), we can know that if we want to realize high-resolution measurements (i.e., with a small value of T), low-noise instruments, high temperature coefficient (absolute value, |T|) sensors, and low-resistance leads should be used.
Temperature stability limit
Fig. S1. Simplified schematic diagram for the calculation of temperature stability limit T,L.
In the present work, two assumptions were made as shown in Fig. S1: 1) The number of temperatures larger than the average value Tavg, N(Tn + ), is equal to that of temperatures smaller than Tavg, N(Tn − ). where N is half of the total measured data point number. By PID control, the measured temperatures are preferred to approach the temperature set point Tset point and usually the measured average value Tavg is very close to or even equal to Tset point, i.e., set avg point TT  (S11)
2) The difference between two continuous temperature measurements should be not less than the sensor's temperature resolution T. For m positive numbers ai , we have the following inequalities (see page 163 in [3] ): where the equality sign is valid only if a1 =…=am.
Combined Eqs. (S9), (S13), and (S14), we can get:   
